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at or near its place of organization, while the third has had only one meet- 
ing a year thus far. These sectional meetings afford opportunities for the 
members who are located far away from the regular places of meeting of 
the society, to get together to consider such questions as may tend towards 
definite advances or to renew courage to proceed in a struggle which must 
frequently be conducted under adverse circumstances. These meetings and 
the publications mentioned above are perhaps the most important lines of 
activity by means of which the American Mathematical Society has central- 
ized and improved the efficiency of mathematical endeavor in our country, 
but many related minor influences could be mentioned. 

Although prizes have not contributed as much to American mathemat- 
ical progress as to that of Europe, yet the international prizes offered by 
European institutions have doubtless done considerable to stimulate work of 
high order in this country especially since .a few of them have come 
to American mathematicians. The Institute de France is perhaps the best 
known among the prize bestowing institutions, both on account of its long 
history and also on account of the eminence of many of its members. Heace 
scholars appreciate these prizes much more than their money value would 

‘imply, being frequently less than five hundred dollars. It is of interest to 
note that one of the most valued mathematical prizes of the French Insti- 
tute was awarded to a woman, Sophie de Kowalevski, in the year of 
the founding of the American Mathematical Society, for the discovery of a 

new case in which it is possible to integrate the differential equations of the 

movements of a heavy body having a fixed point. 
In most cases these prizes are offered for the solution of a definite 

problem or for work which tends towards such a solution but in some cases 
they are given for published work of unusual merit. In‘1858 the Grand 
Prix de Mathématique was offered for the proof of a theorem announced by 
Legendre in his Théorie des nombres, which was afterwards proved to be in- 
correct, as had been suspected by those who proposed the prize. It may be 
of interest, in this connection, to mention a very unusual astronomical prize 

of 100,000 franes which is being offered annually to any one who will estab- 
lish communication between the Earth and some other star than the planet 
Mars. It appears that the widow who founded this prize considered com- 
munication between Mars and the Earth as too easy to be a subject of this 
magnificent prize. By a wise provision the interest of this fund may be spent 
every five years to encourage astronomical research as long as the desired 
communication is not established. 

Fellowships and scholarships have probably constituted the most po- 
tent external factor in promoting mathematical research in our country, as 
they have enabled many young men to get a good start in their scientific 
careers. It is asad fact that most of them have accomplished very little 
beyond the start but the few who continued their work with great energy 
have more than justified this method of promoting scientific activity. 
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As fellowships and scholarships are generally reserved for those who have 

given evidence of unusual ability and have attained at least the equivalent 
of the bachelor’s degree at a good institution, they render assistance 
just when original work can be begun with sufficient promise of success to 
become fascinating and inspiring. 

The first American university to establish graduate fellowships on an 

extensive scale was Johns Hopkins, which provided for twenty such fellow- 
ships, each yielding $500, at the opening of the institution in 1876. Some 
of the universities which were opened later, especially Clark and Chicago, 
adopted similar plans and thus exercised a strong influence to raise the 
standard of scholarship to a much higher plane. Many of the older institu- 
tions and friends of these institutions have succeeded in establishing equally 
favorable conditions, which have enabled many young men to get into the 
research spirit and to learn how to secure new answers from nature, which 
is rich but not always liberal. In 1894, G. Stanley Hall published in The 

Forum a list of graduate scholarships and fellowships at all the American 
institutions. There were then only eight universities having more than ten 

such positions. Since that time conditions have greatly improved. At the 
University of Illinois, for example, the amount available for such appoint- 

ments is now more than ten times as large as it was then. 
There is a great difference in the demands which the various institu- 

tions make upon their graduate scholars or fellows. In some cases the only 

condition is that the holders of such positions shall reside at the institution 

and devote all their time to study. In the case of travelling fellowships the 
incumbent is generally expected to spend. his time at one or more of the best 
institutions in the world along the lines in which he may be especially inter- 
ested. These scientifically ideal conditions constitute one extreme, the other. 
extreme being presented by the institutions which use these positions to se- 
cure a large amount of service, teaching, or reading of papers, at a remark- 

ably low cost and allow the incumbent so little spare time for study as to 
dwarf him intellectually. The money value of these positions is generally 
small, varying from free tuition to 700 dollars per year, while a very few 

‘specially endowed fellowships pay much more. 
For instance, the Kellogg fellowship of: Amherst College provides the 

income of thirty thousand dollars and is awarded for seven years to an alumnus 
. of this college, who shall be selected by the faculty. The first three of the 

term of seven years shall be spent in study, generally at some foreign insti- 
tution, and the last four as a lecturer at Amhert College, but the incumbent 
shall not give more than thirty lectures per annum and shall have no 
employment except such as pertains to the duty of his fellowship. This fel- 
lowship is open to students of mathematics as well as to those interested in 
other lines, and evidently aims to train the incumbent for a highly scholarly 
life. It is to be hoped that more positions of this kind .will be established, 
especially in connection with the larger institutions, in order to maintain 
high ideals among the large student bodies. 
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A DISCUSSION BY SYNTHETIC METHODS OF THE COVARIANT 
CONIC OF TWO GIVEN CONICS.* 

By PROFESSOR D. N. LEHMER, University of California. 

At the close of his chapter on Involution, Professor Reye, in his 
Geometry of Position, gives a proof of the following theorem: 

Any two tangents to a conic section which pass through two conjugate 
points of a given involution of points on a line, intersect, in general, upon an- 
other fixed conic. 

From the fact that conjugate points in an involution are harmonically 
separated by the double points of that involution, he is able to state the 
above theorem in the following way: 

The pairs of tangents to a conic section which are harmonically separ- 
ated by two given points intersect, in general, upon another conic. 

This theorem, he notes, is a special case of the following, the proof of 
which is left to the student: 

The pairs of tangents to a conic, which are congugate with respect to a 
second conic, intersect, in general, upon a third conic. 

Just how this last theorem is intended to be developed from the theo- 
rems that precede is not clear. It is difficult to make any immediate connec- 
tion between these last two theorems. Owing to the importance of the last 

theorem, which concerns, indeed, the covariant conic of the two conics, the 
following discussion is given. 

The locus of poles of the tangents to one conic with respect to a sec- 
ond is a third conic, called the polar reciprocal of the first conic with respect 
to the second; to four harmonic tangents to the first conic correspond four 
harmonic points on the polar reciprocal conic. These statements follow 
from the fact that the tangents to the first conic may be considered as the 
lines joining corresponding points in two projective point rows. These two 
point rows reciprocate into two projective pencils of rays, corresponding 
rays of which meet on the polar reciprocal conic. The second part of the 
theorem follows easily. We have thus a projective correspondence set up 
between the tangents of one conic and the points of another. We propose 
now, the following problem, which is fundamental for the purpose in hand: 

PROBLEM. Given a pencil of rays of the second order, and a point row 
of the second order projectively related to it, to find how many of the lines of 
the pencil pass through the points of the point row that correspond to them. 

Choose a point S on the front row of the second order as the center of 
a pencil of the first order perspective to it. This pencil will be projective to 
the pencil of the second order and the locus of the points of intersection of 
corresponding rays is a cubic curve with a double point at S. (This 

*Read before the meeting of the California Section of the American Mathematical Society February 29, 1908. 
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is proved in the preceding chapter. See also The Transactions of the Amer- 
ican Mathematical Society, Vol. 3, pp. 372-376, July, 1902.) This cubic will 

have at most four points in common with the point row of the second order 
besides the double point S. These points are easily seen to be the points in- 
volved in the problem. We see then, that at most four rays of the pencil 
pass through the points of the point row that correspond to them. 

Equipped with this last theorem we are able to discuss the theorem 

indicated by Professor Reye: The locus of points of intersection of the tan- 
gents of one conic which are conjugate with respect to another is a third conic. 

Given two conics, «and % From a point, P, which moves along an 

arbitrary straight line in the plane draw tangents, PA and PA’ to the conic 
«, We wish to find in how many positions of P on the line the two tangents 
PA and PA’ will be conjugate with respect to 7. The two systems of tan- 
gents PA and PA’ are in involution, so that four harmonic tangents, PA, 

correspond to four harmonic tangents PA’. The pole of PA, the locus of 
which is the polar reciprocal of « with respect to 7, traces out a point row of 
the second order projective to PA and thus to PA’. At most four of these 
poles of PA will therefore lie on PA’. The locus is thus a curve of the 
fourth degree, being cut by an arbitrary line in at most four points. From 
the theory of poles and polars, however, if PA’ pass through the polar of 
PA, then will PA’ pass through the polar of PA, so that the four points in 
which an arbitrary line meets the locus coincide in pairs; the quartic is thus 
a pair of coincident conics. - 

It is clear that the tangents PB and PB’, for a point P on this locus, 
are harmonic conjugates with respect to PA and PA’. The locus of points 
from which four harmonic tangents may be drawn to two conics is thus a 
conic. It is in fact the covariant conic of the two conics. For the analytic 
side of the discussion, see Salmon’s Conic Sections, pp. 306 and 344. If the 
anharmonic ratio of the four tangents be different from —1, the quartic 
found above does not degenerate necessarily, as appears also from the alge- 
braic discussion. The writer does not know of a discussion by synthetic 
methods of this remarkable conic, which as the above discussion indicates, 

passes through the eight points of contact of the four common tangents of 
the two conics. 

JOINT MEETING OF MATHEMATICIANS AND ENGINEERS. 

By DR. H. E. SLAUGHT, The University of Chicago. 

A series of joint meetings of mathematicians and engineers, conducted 
at The University of Chicago, December 30, 31, 1907, under.the auspices of 
the Chicago Section of the American Mathematical Society, seemed to inaug- 
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urate a movement of more than passing importance to both parties 
_ concerned. It would seem that these two classes of men have been pursu- ° 

ing paths too widely separated, each class failing to appreciate how large a 
proportion of their interests may really be counted in the field of the other. 
Recognition of this community of interests coupled with the great divergence 
of practice led to a number of significant results: (1) Astonishment that this 
state of affairs has gone so long with so little serious attention; (2) Gratifi- 
cation over the gathering of such a large and representative body of profes- 
sors of mathematics, professors of engineering, and practicing engineers for 
the purpose of thoughtfully considering together the questions of command- 
ing mutual interest; and (3) The determination to take active and far-reach- 

ing steps toward harmonizing and strengthening those interests. 
The program presented first the historical and statistical phases of the 

subject both in this country and abroad, and secondly, the pedagogical and 

practical phases as they appear both to the practicing engineer and to the 
professor in the engineering school. The discussion was focused about the 
topic: What is needed in the teaching of mathematics to students of engin- 
eering? (a) What range of subjects? (b) To what extent in the various 
subjects? (c) By what methods of presentation? (d) What should be the 
chief aim? 

The speakers were as follows: Professor E. J. Townsend, department 
of mathematics, University of Illinois; Professor Alexander Ziwet, depart- 
ment of mathematics, University of Michigan; President R. S. Woodward, 
Carnegie Institution of Washington; Mr. C. F. Scott, consulting engineer, 

Westinghouse Electric Company of Pittsburg; Mr. Ralph Modjeski, consult- 

ing civil engineer, Chicago, Illinois; Charles S. Slichter, professor of applied 
mathematics and consulting engineer, University of Wisconsin; Gardner S. 

Williams, professor of civil, hydraulic, and sanitary engineering, University 

of Michigan; Frederick 8. Woods, professor of mathematics, Massachusetts 
Institute of Technology, Boston, Massachusetts; George F. Swain, professor 
of civil engineering, Massachusetts Institute of Technology, Boston, Massa- 
chusetts; Arthur N. Talbot, professor of municipal and sanitary engineering 
in charge of theoretical and applied mechanics, University of Illinois; Fred 
W. MeNair, president, Michigan College of Mines, Houghton, Michigan, and 
Mr. J. A. L. Waddell, consulting bridge engineer, Kansas City, Missouri. 

The general discussion was supported by Mr. C. F. Scott, Pittsburg, 
Pennsylvania; Dean C. M. Woodward, Washington University; Professor B. 
F. Groat, School of Mines, University of Minnesota; Professor S. M. Barton, 

University of the South; President C. S. Howe, Case School of Applied 

Science; Professor C. A. Waldo, Purdue University; Professor C. B. Wil- 

’ liams, Kalamazoo College; Mr. J. B. Webb, consulting engineer, Hoboken, 
New Jersey; Dean H. T. Eddy, College of Engineering, University of Min- 
nesota; Professor D. F. Campbell, Armour Institute of Technology; Profes- 
sor A. E. Haynes, College of Engineering, University of Minnesota; Profes- 
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sor E. W. Davis, University of Nebraska; Professor A. 8. Hathaway, Rose 
» Polytechnic Institute; and Professor E. V. Huntington, Harvard University. 

Abstracts of the addresses will appear in The Bulletin of the American 
Mathematical Society, and the papers will be printed in full in Science. 

As an outcome of the discussions, a committee of three was appointed 
with power to increase the number to fifteen, representing all interests and 
all sections of the country, who shall make a detailed study of the teaching 
of mathematics to engineering students in this country, and shall formulate 

a report to be presented to a joint meeting of mathematicians and engineers 
to be held in the Summer of 1909 in connection with the annual gathering of 
the Society for the Promotion of Engineering Education. Those selected 

for the committee of three were: Professor Gardner S. Williams, Univer- 

sity of Michigan, representing the engineering side; Professor E. V. Hunt- 
ington, Harvard University, representing the mathematical side, and Pro- 
fessor E. J. Townsend, who has already made an extensive study of the data 

relating to the subject. Among the practical questions already suggested 
by Professor Townsend for the consideration of all interested are the 
following: 

I. ENTRANCE REQUIREMENTS. 

1. Is a greater uniformity of entrance requirements desirable? 
2. Most colleges in the Middle West admit on certificates from accred- 

ited schools. In addition to this should engineering students be required to 
pass an entrance examination in algebra, with the understanding that if 
they fail to make satisfactory grade, more than the usual amount of work 
must be done to secure credit in college algebra? 

3. Should a knowledge of logarithms and the plotting of simple alge- 
braic curves be added to the entrance requirements? 

4, Should the standard of admission be raised so as to include trigon- 
oe and college algebra? 

. Should the requirements be made to cover less ground and 

6. Should more attention be paid to analytic and formal work, partic- 

ularly in arithmetic and algebra? 
7. Should a year of work in mathematics and science of college grade 

be required for entrance, or should the course be extended to five years? 

II. REQUIREMENTS FOR GRADUATION. 

1. What should be the relative length of time spent on algebra, trig- 
onometry, analytical geometry, and calculus? 

2. Which should precede, algebra or trigonometry? 
3. What topics should be particularly emphasized in college algebra? 

In calculus? 
4, How far ought the instruction of the first two years’ work in math- 

= 
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ematics to be made ‘“‘practical’’; how far should we insist upon rigorous 
demonstrations of principles taught? 

5. Should students in one line of engineering, say civil engineering, 
be given problems of a different nature than those given to students in other 
lines, say mechanical or electrical engineering? 

6. Should differential equations and least squares be required subjects 
in any engineering course? If so, how extensive should these courses be? 

7. Should we have a separate course on.‘‘Applications,’’ having for 
its purpose the cultivation of ability for rapid computation, and the use for 
engineering work of such instruments as the slide rule, planimeter, inte- 
graph, computing machines, etc. ? 

8. What opportunity for the study of mathematics should be given the 
engineer beyond the usual course in calculus? What courses might be made 
elective in the junior or senior years? 

9. Should a first course in mechanics be given to engineering students 
in the freshman year and before the student has had calculus? 

III. ADMINISTRATIVE QUESTIONS. 

1. What qualifications should we insist upon for the instructor of, en- 
gineering students in mathematics? 

' 2. How much elementary mechanics should be taught in acuieadiin 
with the calculus? Should this elementary mechanics be taught by the 
mathematical department? 

3. Should the work in descriptive geometry be made more mathemat- 
ical in treatment? Should it be taught by the mathematical department? 

' 4, What can be done in general to bring about a closer ralation 
between the teachers of mathematics and the teachers of engineering? 

Pending the report of the Committee of Fifteen, these and other 
questions relating to the subject may well command the attention of those 
who wish to promote the scientific and industrial interests of the country as 
‘they are related to the training of men who are to be leaders in their 
development. 

REMARK ON THE TRISECTION PROBLEM. 

By E. B. ESCOTT, University of Michigan. 

In the article ‘‘The Trisection Problem,’’* in the May (1907) number 
of THE AMERICAN MATHEMATICAL MONTHLY; the so-called ‘‘Ceroid’’ is 

*The merit of the article referred to lies in the fact that its author inadvertently rediscovered the famous 

curve and applied it ina new manner. The same author makes use of the hyperbolic curve for tr!secting an angle, 

which of itself is well known, but which is presented in a new form worthy of attention. THE EDITorRs. 
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nothing but the Conchoid of Nicomedes. This can be shown as follows: 
In the figure, let LL’ be parallel to the 

w-axis at a distance 2a, and draw MM’ paral- 
lel to LL’ and half way between it and the «- 
axis. Let OHK be any line through O, and 
let P bisect HK. OB=30K, OH=r. There- 

fore, OP=4(OH+OK) =4r+OB. 

.. OP—OB=BP=4r=constant. 
Therefore, the locus of P is a conchoid. 

DEPARTMENTS. 

SOLUTIONS OF PROBLEMS. 

ALGEBRA. 

No satisfactory solutions of Nos. 283, 284, 285, have yet been received. 
A solution of 283 will appear in the next issue. 

287. Proposed by WALTER D. LAMBERT, 416 B Street N. E., Washington, D. C. 

For what fraction of a year will there be the greatest difference be- 
tween the interest as computed by the ordinary commercial rule and that 
computed by the rule of compound interest? 

Solution by THEODORE L. DeLAND, Treasury Department, Washington, D. C. 

Let «=the fractional part of a year; r=the rate per annum; $1=the 
principal; ra-the simple interest; (1+7)*—1=the compound interest; and 
y=the greatest difference. 

When the time is less than one year the simple interest exceeds the 
compound interest, therefore 

y=r«— (1+r)*+1, a maximum, 

Differentiate, and we have, when m=the modulus, 

/m. 

Equate to zero and we have 

(1+1)*log(1+r)=mr; or «=log[rm/log(1+r)] log (1-+r). 
Also solved by G. B. M. Zerr. 
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288. Proposed by DR. L. E. DICKSON, Associate Professor of Mathematics, The University of Chicago. 

Evaluate the determinant which arises in finding the inverse of the 
transformation, with binomial coefficients, 

T: (=0,1,.., 

Solution by the PROPOSER. 

Denote by Dn,m the minor of the element in the (n+1)th row and 
(m+1)th column. Evidently Din=1, Din=0 forn<m. Forn=m-+k, k>0, 

Din+k, m= 0 +k 

0 0 | 0 +) 

Studnicka* has evaluated a similar determinant: 

(™3*) 

0 0 

Multiplying the first j—1 columns of the latter by, respectively, 

(5-1) (=a) 
and add the products to the jth column. Then the ith cement i in the new 
jth column is} (for s=7—7), 

*Cf. Pascal-Leitzmann, Die Determinanten, 1900, p. 134. 
+Cf. Netto, Combinatorik, p. 250, (19); Hagen, Synopsis, Vol. 1, p. 65, 5. 
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Hence the inverse of transformation T is 

Since the product of the two transformations is the identity, we have 

3 (9;=1, %2=0 if 

Conversely, from this well known formula (cf. Netto, p. 255, (48)), 
follows the evaluation of the determinant D. 

289. Proposed by S. A. COREY, Hiteman, Iowa. 

Prove that +4. +4. ) 

thas te n being any odd integer greater than 1 

and l=n—2. 

Solution by the PROPOSER. 

The term by term product of the right hand members of the two 
Fourier’s sine series, 

4 [ave sin3e. sin5a« 

being equal to the product of the left hand members, may be thus written: 

cost=C, 

the C’s being constants and functions of the coefficients of the sine terms. 
But as this product of the right hand members is of the same form as the 
regular Fourier’s cosine series for cosx, it must be identical with the latter 
series, and, hence, each C except C, must be equal to zero. Each C with 
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. show that Z2ABC=ZACB. If these angles are not equal sup- 
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even numbered subscript is identically zero, and in order that the remaining 
C’s may be zero, the equation of the problem must hold. 

GEOMETRY. 

123. Proposed by P. C. CULLEN, Indianola, Iowa. 

If the bisectors of two angles of a triangle are equal, those angles are 
equal, and the triangle is isosceles. 

Another Demonstration by JOHN G. GREGG, Terre Haute, Indiana. 

Let ABC be the given triangle, and BD, CE, and AH the three bisec- 
tors of its angles meeting in O, and let BD=CE. We are to 

pose Z ACB> Z ABC, then will AB be greater than AC. Take 
AG=AC, and AF=AD; then will OG=OC and OF=OD, and 

ZGOF=ZCOD=ZBOE. AlsoOB+OF=BD...(1), and OG+ 
OE=CE... (2). 

It can be established that FE will always fall between G 
and F. OB is greater than OG, and OF is greater than, 

equal to, or less than OG. If OF >OG, then also OF >OE, and 

OB+OF>OG+OE, or by (1) and (2), BD>CE. But by 
’ hypothesis, BD=CE. Hence ZACB=ZABC. Q. E. D. 

Again, if OF is equal to or less than OG, draw GI making 2 OGI= 
ZOBA. Obviously J will fall between O and F, and the triangles OBE and 
OGI are similar. Then since BO>OG, we have BO—-OE>OG-—OI, and 

much more, BO—OE>OG—OF. Hence BO+OF>0OG+ OE, and from (1) 
and (2), BD>CE as before, and the theorem is established. 

COROLLARY 1. If two lines BD and CE are drawn through a point O 
in the bisector of an angle, and meeting the sides of the angle, the one (BD) 
making the less angle with the bisector is the greater. 

CoROLLARY 2. If the two lines BD and CE make equal angles with 
the bisector, they are equal. 

COROLLARY 8. The line through O, perpendicular to the bisector, is 
a minimum. 

COROLLARY 4. Two triangles are equal if their bases, the angles op- 
posite the bases, and the bisectors of those angles are respectively equal. 

320. Proposed by J. SCHEFFER, A. M., Kee Mar College, Hagerstown, Md. 

Prove by plane geometry the following interesting theorem: 
If from a point in the plane of a triangle perpendiculars are demitted 

upon the three sides of the triangle, and if the area of the triangle formed by 
connecting the feet of these perpendiculars is denoted by A’, the distance of the 
assumed point from the center of the circle circumscribed about the original 
triangle by R’, the radius of the circumscribed circle by R, and the area of 
the pedal triangle by 4, then will A'/A=+[(R?—R?)/R?] 
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I. Solution by the PROPOSER. 

There is an error in the statement of this theorem, which, I am afraid, 

was made by me through an oversight. Instead of the pedal triangle 4 it 

should be the triangle whose vertices are the mid-points of the sides of the 
original triangle. I saw this theorem for the first time, stated but not 

proved, in a German collection of geometrical exercises, with the following 
note: ‘In the English periodical, the Mathematician, anno 1844, the editor | 
says that it would be desirable that this remarkable theorem should be estab- 
lished by pure geometry, which would form a good exercise for the student; 
and that he would be glad to give its investigation, in this way, in some future 
number of the Mathematician, should such be furnished by any of his cor- 
respondents.’’ The Mathematician, however, has never furnished such a 
purely geometrical proof. For years I have tried to discover one, but I nev- 
er succeeded in finding any other proof than the following trigonometrical one. 

Let ABC represent the triangle, O the center of its circumcircle, P 
the assumed point; PL, PM, PN the perpendiculars let fall from it upon the 

sides of the triangle; OD perpendicular to AC, and OF to AB; PF perpen- 
dicular to OD, and PG to OE. Denote the angles of the triangle ABC by 
A, B,C: ACP by 9, ABP by ¢, ZOPF by 4, 2 OPG by 

MN _sinC LIN _sinB 
mat’ BL but CM=RsinB-+-R'cos¢, and BL= 

RsinC + R’cos 

Let sin 2 (RsinC+R'eos 4). 
cos 

A'=4MNXx LNsin(+4) sine (R sin B+R’ cos «) 
xX (Rsin C+R’ cos 7) =4 sin B sin C(tan ?+tan¢) (Rsin B+R’'cos) (RsinC 

+R'cos /)...(1). 
But in AOPC and AOPB, R’ : R=cos(B+®) : sin(@+<)... (2). 
R’ : R=cos(C+¢) : sin(¢+)... (3), and 4+8=A... (4). 

ReosB— R'sin« 
From (2), tan? = Rsin BLR'cos (5), and from (3), 

_ RsinC—R’sin 6) 
~ Rsin C+R’cos 

Substituting these values in (1), we obtain 

A'=$sinB sinC[R’sinA+RR'cos(B+/) +RR'cos(C+2) —R'sinA]. 

But since ¢+4=A, 
A'=$sinA sinB sinC(R?—R”). Since sinA=8A /bc, sinB=8A /ac, 

sinC=8 A /ab, sinA sinB sinC=512 4 */a*b?c?=2A/R?®. 
2 2 

= (RR), oF Q. E. D. 

tan ¢ = 

Dr. Zerr gave a general discussion of the problem as proposed and also of the problem as intended by the pro- 

poser. We give below Professor Schmall’s demonstration of the problem as proposed 
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II. Solution by C. N. SCHMALL, A. B., 89 Columbia Street, New York City. 

In Fig. 1, let XYZ be the pedal triangle. Then AYGZ being a cyclic 
quadrilateral, AG is clearly the diameter of the circle, and we have, 

YZ=AG sin A=AY ese AGY sin A=c cos A esc Csin A 

=a cos A=R sin 2A... (1). 

Similarly, ZX=b cos B=R sin 2B, and 
XY=c cos C=R sin 2C. 

perimeter X YZ=>(a cos A) =R = sin 2A. 
Also YXZ=ZABY+ 2 ACZ=180° —-2A. 

area XYZ=XY.XZ.sin YXZ=be.cos B cos C sin2A. 
Fig. 1. “area XYZ=hbe cos B cos C.2sin A cos A=2A" II cos A 

[where A”=area of triangle ABC] (acosA) (Rsin2A) [by (1) above] 
2R 

=3R? IIsin2A= A =area of the pedal triangle of triangle ABC. 

Now, referring to Fig. 2, let P be the given point (taken within the 
triangle ABC for convenience). 

Let ABC be the given triangle; O the center of 
its circumscribed circle; X’, Y’ and Z’ the feet of the 
perpendiculars from P on the sides of the triangle. Let 

CP (produced) meet the circle in D. Draw BD, and 
draw PM perpendicular to BD; draw also Z'N perpen- 

dicular to X’Y’. 
Now since PX’CY’ is cyclic, and PC is the diam- 

eter of its circle, we have 

X Y'=PCsinC...(1), Fig. 2. 

(see Phillips and Strong’s Trigonometry, p. 50; ex. 10); similarly in the 
quadrilateral BZ'’PX’, 

ZX =PB sin B... (2). 

Also, from the similar right triangles Z’X'N and PBM [which are similar 
because Z Z’X’N= ZZ'X'P+ ZY'X P=ZZBP+ZY'CP=ZZBP+ ZDBA= 
Z MBP] we have . 

=sin B [by (2)]...(3). Also, asin D=sin A... (4). 

Multiplying equations (1), (3), and (4) together, we get, 

Z'N.X Y'=PC.PD.sin A sin B sin C, 7. e., 2 area X'Y'Z’=PC.PD.II sin A 
=PL.PK.l sin sin A 
=(OL*—OP?). 1] sin A=(R?—R"). sin A. 
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If the point P be taken outside the circle of the triangle ABC, then 
(OL—OP) is negative and thus we get the double sign. 

A'=$(R?+R"). sin A. Hence, 

Isin2A ‘I sin2A’ 

Thus the result, as given by the proposer, is not quite right. 
He probably misused the well known formula, = sin 2A=4 J7 sin A. 
COROLLARY. If the point P lie on the circumscribed circle of triangle 

ABC, the points X’, Y’, Z lie on ‘“‘Simson’s Line’”’ and A’=0. 

321. Proposed by J. O. MAHONEY, B. E., M. Sc., Central High School, Dallas, Texas. 

ABC is an isosceles triangle. Through any point P in its plane draw 
a line PSRT cutting the sides AC, CB, AB in the points S, R, and T, 
—— (R between B and C), so that the segments CS and BT shall 
e equal. 

Solution by C. N. SCHMALL, 89 Columbia Street, New York City. 

In the figure, let SM be drawn parallel to AB. Then, if CS=BT, 
SR=RT. 

Hence to locate the point R we must solve the 
| problem: Given a line drawn through a fixed point, 
and cutting two fixed intersecting lines, to find the 
locus of the middle point of the intercepted segment. 

Here, we then have PT—PS=2(PR-—PS), or 
PT +PS-=2PR. 

Let (¢’, %) be the polar co-ordinates of P, and 
let the equations of AC and AB be 

a,¢+b,y+e,=0...(1), (2). 

Transforming to polar co-ordinates these become 

a, pcos 9+5, p sin 94+¢,=0...(3), and az cos 9+b, p sin 9+¢e,=0... (4). 

From (8), a,cos +b,sin PS; from (4), ¢ a.cos 9+b, sin PT. 

Hence the polar equation for the locus of P is, 2»=2PR=PT+ PS. 

C1 Cy 

‘ a,cos9+b;sin? 

\ 



Aw 

—- 

41 

Cy + Co 

cos 9+b,e sin? cos 9+bee sin 

Transforming back to rectangular co-ordinates, we have 

2(ayx + bry) +e, +e, (a.2-+b,y)=0 

for the locus of P. This equation represents a hyperbola passing through the 
vertex A. Hence the intersection of this hyperbola with the base CB will 
give R, and PR produced will give T. 

CALCULUS. 

248. Proposed by REV. R. D. CARMICHAEL, Anniston, Ala. 

Evaluate f sinne cota dx, where n is a positive integer. 

II. Solution by FRANCIS RUST, C. E., Pittsburg, Pa. 

e n nN 

sinna=ncos" 1x -( 3 sin’a + ( 5 

S cotx cos dx -( 3 ) f ,00s dx 

+ ( 5 sinta dx... 1)S sin®"x dat... 

Transforming 7 sin’z cos*z dz by the substitution sinz=)/2, we have 

da 
and S sinvz cos’z dz P-) dz 

sinnz cota dx, in beta-functions, = +) 
0 

Also solved by C. E. White. 

250. Proposed by V. M. SPUNAR, East Pittsburg, Pa. 

Differentiate (log"«) ‘ 

| 
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Solution by C. E. WHITE, Vanderbilt University, Nashville, Tenn. 

log”x=log log log... times) x. 

dx 

Also solved by J. Scheffer. Some of our readers misinterpreted the meaning of the notation. It should be 
remembered that the notation means the log of the log of the log, etc., n times, of x See Byerly’s Integral Calcu- 
lus, 2d Ed., p. 2. Ep. F. 

= 

251. Proposed by PROF. R. D. CARMICHAEL, Anniston, Ala. 

Find in terms of « the functions c,” and c,x defined, respectively, by 
the relations (a) «log (c,x) =c,xlogz, 

(b) 

Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 

(a) We may write (a) thus, log(c,7)’=loga*. 

2 n 

+ (log) +... (logz)"+... 

(b) Similarly, we may write (b), loga’?=log(c.%*). 

(cox) or + (loga) 2 +... + (logz)"+.. 

Also solved by J. Scheffer, C. E. White, and V. M. Spunar. Mr. Spunar, in his solution, used the calculus. 

MECHANICS. 

131. Proposed by F. P. MATZ. 

If the distribution of weight on the foundations of a building is W lb. 
/(feet)*?, the foundation must be sunk D=(W/w)tan4(47=—34¢) feet deep in 
earth of density w lb./(feet)* and angle of repose ¢. 

Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 

Let E represent the weight of a portion of a horizontal stratum of earth 
which is displaced by the foundation of ,a structure, S the utmost weight of 
that structure consistent with the power of the earth to resist displacement, 
¢ the angle of repose of the earth. Then S/H=[(1+sin ¢)/(1—sin ¢)]? 
(see paper ‘‘On Stability of Loose Earth,’’ read before the Royal Society on 
the 19th of June, 1856, and published in the Philosophical Transactions for 
that year). In the problem, H=Dw, S=W. 

\1+sin¢ : 
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=Wtant (47—4¢), since =tans 

160. Proposed by F. P. MATZ. 

Given the para-centric acceleration c?/r* and the angular velocity 
(n/m)= to determine the equation of the orbit. 

: Solution by G. B. M. ZERR, A. M,, Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 

- The acceleration along the radius vector is given by d*r/dt? —r(d ¢/dt)?*. 

r/dt? —r(d 9/dt)*=c?/r*. 

The angular velocity is constant and equal to steiiiah =fi=d 0/dt. 

r/dt? But dt=d 6/8. 

“8? (d?r/d 0?) —r [ (dr/d 9)? +r? ] —2r* =A—c?* /8r. 

(n/m) =8p? [Ar? +2r°=? (n/m)?] is r and p equation. 

191. Proposed by DR. L. E. DICKSON, The University of Chicago. 

Give the axiomatic principle of Physics which is equivalent to the the- 
orem on the compound of two circles (‘‘Graphical Methods in Trigonome- 

‘try,’’ MONTHLY, June-July, 1905, pp. 129-133). 

Remarks by the PROPOSER. 

On page 14 of the present volume, the principle is stated to be that of 
the parallelogram of forces (or of velocities). This answer is insufficient, 
as the compound of two circles relates to an infinitude of lines. A complete 
solution is as follows: 

Two forces, represented in magnitude and direction by OP and OR 
have as their resultant the force represented by the diagonal OQ of the par- 
allelogram OPQR. If we take the components of these forces along an ar- 
bitrary straight line OS, the sum of the components of OP and OR must 
equal the component of OR. But in the figure (Vol. XII, top of p. 132), 
these components are the chords Oz, Op, OS, respectively. Now O7+0O¢p 
=0OS yields the point S called for by the definition of the compound of the 
circles on the diameters OP and OR. 

» 
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NUMBER THEORY AND DIOPHANTINE ANALYSB. 

145. Proposed by J. D. WILLIAMS, being the 12th of his fourteen challenge problems proposed in 1832. 

Make «*+y?=0, $(2°+y*)=a cube, 2(x+y) oO, and 

(x* +y*) (a? +y*) — (a +y®)V +y*) =O. 
No solution has been received. 

146. Proposed by PROFESSOR JOSE J. CORONADO, Halapa, Vericruz, Mexico. 

" Find two numbers whose difference is equal to the difference of their 
cubes. 

I. Solution by G. B. M. ZERR, Philadelphia, Pa.; A. H. HOLMES, Brunswick, Me.; and J. E. SANDERS, 

Reinersville, O. 

Let x, y be the numbers. Then x—y=e'-y’, 1=«?+ay+y’, if 
Letxr=vy. 

1 v 

Let +0+1=(nv+1)?. 
1—2n 

n®?—n+ 

where 7 can have any value, positive or negative, whole or fractional. 

II. Solution by DR. L. E. DICKSON, The University of Chicago. 

+ayty’. 
If any two numbers are desired, there are an infinitude of answers. 

If two integers are desired (neither zero), then one must be negative, other- 
wise x?+ay+y*® 53. Say y is negative, and z pos- 

itive integers; -.-1—xz=(a—z)*; ..1—axz=0, or positive. 
If one is zero, the other=0 or +1. 

-. Only integral sets are (0, 0), (0, +1), (+1, 0), (+1, ¥1). 

Combined: (x, y), 

MISCELLANEOUS. 

170. Proposed by J. W. NICHOLSON, A. M., LL. D., Baton Rouge, La. 

If n and mare any two real numbers whatever, n being less than m, 
find a rational r such that n<r<ym. 

Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 

This depends on how we choose our markings. If we choose the nat- 
ural numbers 1, 2, 3, 4, etc., 1/m may be defined by two infinite series 
of rational numbers, and )/m may also be so defined. As these two infinite 

| | 
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series cannot be the same when nm, there is some rational number 
between them. 

Let /n=e-+f, where f is the decimal part, and »“m=g+h, where h 
is the decimal part. Then r=e+k, where kis any number from 1 to g—e—1. 

171. Proposed by W. J. GREENSTREET, M. A., Editor of The Mathematical Gazette, Stroud, England. 

Lim. _ Lim. 4 (a) 

Solution by G. W. GREENWOOD, M. A., Dunbar, Pa. 

By hypothesis, ¢(a)=0, and ¢(a)=0. We must assume that ¢' (a) ~0 
and ¢’(a) ~0. Then 

(x) (a) $(x) (x) (a) +9" (a) 

(a) (x) (a)— $" (a) 

Also solved similarly by G. B. M. Zerr. Unless one assumes that ¢(a)=¢(a)=0, the problem is not true, as 
may be easily verified. Ep. F. 

PROBLEMS FOR SOLUTION. 

ALGEBRA. 

297, Proposed by W. J. GREENSTREET, Marling School, Stroud, England. 

If a, b, c, d, f, g, h are all real, and a, ab-h*®, abe+2fgh—af* —bg? — 
ch? are all positive, show that 6, c, be—f*, and ca—g* are also positive. 

GEOMETRY. 

$30. Proposed by J. J. QUINN, Ph. D., New Castle, Pa. 

A line pivoted at the origin revolving with a constant angular veloc- 
ity, intersects another moving parallel to the Y-axis with a constant linear 
velocity. (1) Find the locus of their intersection when the ratio of their 
velocities is as m:n referred to a quadrant and a radius, respectively. (2) 
Assume m=8 and n=2, and apply to the trisection of an angle. (3) Under 
what conditions will this curve become a quadratrix? (4) Name the curve. 

¥ 
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CALCULUS. 

254. Proposed by H. S. PARDEE, Boston, Mass. 

A wire is wound in the form of a helix. Assuming that sections of 
the wire perpendicular to the axis of the wire are circles, find the equation 
of a section of the wire perpendicular to the axis of the helix. 

MECHANICS. 

214. Proposed by W. J. GREENSTREET, M. A., Marling School, Stroud, England. 

An inelastic particle is proj ected in a direction BD from B ina straight 
line AB. It strikes a rigid line AD in D and returns to AB atC. Find 
AC/AB, and show on a priori ground that this ratio is independent of the 
velocity of projection. 

NUMBER THEORY AND DIOPHANTINE ANALYSIS. 

152. Proposed by H. S. VANDIVER, Bala, Pa. 

When » is a prime of the form 5n+1 then there is a positive integer 

a such that a® =5(mod p). Show that (=) =+ (= ). according as p 

is of the form 5n+1 or 5n—1. 

AVERAGE AND PROBABILITY. 

195. Proposed by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue Philadelphia, Pa. 

A random diameter is drawn in a given circle. Find the chance that 
it intersects, (1) arandom chord; (2) a random chord through a random point; 
and (3) a chord through two random points. 

NOTES AND NEWS. 

We learn from the Scientific American of February 1, 1908, that Dr. 
Paul Wolfskehl, who died recently at Darmstadt, left in his will a provision - : 
for the payment of 100,000 marks to the first person who will prove or dis- 
rove ‘“‘the last theorem of Fermat,’’ viz., «"+y"=z", is not possible in 

integers for n>2. F, 

The Fourth International Congress of Mathematicians will convene in 
Rome April 6th to 11th, 1908. Extensive preparations are announced for the 
entertainment of delegates and their friends. The deliberations of the Con- 
gress will be conducted under four sections, each provided with leaders of 
international reputation: (1) Arithmetic, Algebra, Analysis; (2) Geometry; 
(3) Mechanics, Mathematical Physics; (4) Philosophical, historical and 
didactic questions. Professor E. H. Moore, who is now sojourning in Italy, 
will represent The University of Chicago. . : S. 
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A METHOD OF DERIVING EULER’S EQUATION IN THE CALCULUS 
OF VARIATIONS. 

By DR. GILBERT AMES BLISS, Princeton University. 

The derivation of Euler’s equation can be made by means of integrals 
of the form 

(1) SIA (x, y)+B(a, y)y']dx, 

which are independent of the path of integration. Invariant integrals of 
this type play an important role in the proofs that the usual conditions in 
the calculus of variations are sufficient to insure a minimum or a maximum, 
and their introduction in connection with the derivation of Euler’s equation 
makes it possible to simplify considerably the presentation of the whole | 
theory. 

In the first section below there is a simple discussion of the conditions 
under which an integral of the form (1) is independent of the path, and in 
the second section these results are applied to the derivation of Euler’s 
equation. 

§1. INVARIANT INTEGRALS. 

In the integral (1) suppose that the functions A(x, y) and B(z, y) 
are continuous in a certain region R of the xzy-plane. Along an arc C;3 

(2) y=y(z), 2, 

which joins two given points (x;, y;) and (2., y.), lies in R, and for which 
the function y(x) is continuous and has a continuous derivative, the integral 
I will have a value 
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